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We present an alternative perspective on the see-saw mechanism for the neutrino mass, according to 
which the small neutrino mass is given as a difference of two large masses. This view emerges when an 
analogue of the Bogoliubov transformation is used to describe Majorana neutrinos in the Lagrangian of 
the see-saw mechanism, which is analogous to the BCS theory. The Bogoliubov transformation clariﬁes 
the natural appearance of Majorana fermions when C is strongly violated by the right-handed neutrino 
mass term with good CP in the single ﬂavor model. Analyzing typical models with mR = 104 to 1015 GeV, 
it is shown that a hitherto unrecognized ﬁne tuning of the order mν/mR = 10−15 to 10−26 is required to 
make the commonly perceived see-saw mechanism work in a natural setting, namely, when none of the 
dimensionless coupling constants are very small.
© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
When one discusses the natural appearance of the observed 
very small neutrino masses [1], one often refers to the see-saw 
mechanism [2–4] the precise form of which depends on speciﬁc 
models [5]. Those models are characterized by a very large mass 
scale and thus the natural appearance of the tiny neutrino mass is 
rather surprising. Naturalness is an esthetic notion and thus sub-
jective, and it should ultimately be determined by experiments. 
Currently active search for the support of the see-saw mechanism 
in the form of Majorana neutrinos is going, and we expect that this 
esthetical issue will be tested soon by experiments.
It may also be appropriate to examine the naturalness of the 
see-saw mechanism from a different perspective. We attempt to 
understand the natural appearance of the eigenstates of charge 
conjugation C, Majorana fermions, using an analogue of the Bo-
goliubov transformation when C is strongly violated by the right-
handed neutrino mass term which has good CP symmetry. We 
then recognize that the tiny neutrino mass in the see-saw mecha-
nism is given as a difference of two large masses, precise values of 
which depend on models. This suggests a view different from the 
conventional one, motivating us to ask whether the see-saw mech-
anism is “natural” in the sense emphasized, for example, in [6,7]. 
We show that a hitherto unrecognized ﬁne tuning of the order 
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SCOAP3.mν/mR is required to make the see-saw mechanism work in a nat-
ural setting.
We ﬁrst recapitulate the basic properties of Majorana fermions, 
namely, charge conjugation and parity. The Majorana fermions are 
deﬁned by the condition
ψ(x) = Cψ¯ T (x) = ψc(x),
where C = iγ 2γ 0 stands for the charge conjugation matrix [8]; 
the quantity Cψ¯ T (x) is directly evaluated for a given ψ(x) while 
ψc(x) is evaluated by a unitary charge conjugation operator, and 
the agreement of these two expressions provides an important 
consistency check in our analysis (for example, of eq. (26) below). 
We start with a generic neutral Dirac fermion, which is denoted by 
ν(x) for later convenience, and deﬁne the combinations
ψ±(x) = 1√
2
[ν(x) ± νc(x)],
which satisfy
ψc±(x) = ±ψ±(x),
showing that ψ+(x) and ψ−(x) are Majorana ﬁelds. We treat the 
fermion with ψc−(x) = −ψ−(x) also as a Majorana fermion.
It is well-known [8,9] that, in theories where the fermion num-
ber is conserved, discrete symmetries such as parity can generally 
be deﬁned with an arbitrary phase freedom δ,
ν(x) → eiδγ 0ν(t,−x). under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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−x) for the Dirac fermion (in the following called “γ 0-parity”) cor-
responds to δ = 0 and thus satisfying P2 = 1. One can conﬁrm that 
parity for an isolated single Majorana fermion is consistently de-
ﬁned only by “iγ 0-parity” with δ = π/2, i.e. ν(x) → iγ 0ν(t, −x)
and νc(x) → iγ 0νc(t, −x), namely by (see Ref. [9])
ψ±(x) → iγ 0ψ±(t,−x). (1)
This deﬁnition is consistent with the reality of ψ±(x) in the Majo-
rana representation, where γ 0 is hermitian but purely imaginary. 
The phase freedom δ is thus ﬁxed by the Majorana condition and 
P2 = −1. We are interested in Majorana fermions, therefore we ex-
clusively use this “iγ 0-parity” in this paper.
2. Model Lagrangian and Bogoliubov transformation
We analyze the hermitian Lorentz invariant quadratic La-
grangian for a single ﬂavor of the neutrino, which is a minimal 
extension of the Standard Model,
L= ν L(x)iγ μ∂μνL(x) + nR(x)iγ μ∂μnR(x)
−mνL(x)nR(x) − (mL/2)νTL (x)CνL(x)
− (mR/2)nTR(x)CnR(x) + h.c., (2)
where nR(x) is a right-handed analogue of νL(x), and m, mL , and 
mR are real parameters. We deﬁne a new Dirac-type variable
ν(x) ≡ νL(x) + nR(x) (3)
in terms of which the above Lagrangian is re-written as
L= (1/2){ν(x)[i/∂ −m]ν(x) + νc(x)[i/∂ −m]νc(x)}
− (1/4)[νc(x)ν(x) + ν(x)νc(x)]
− (5/4)[νc(x)γ5ν(x) − ν(x)γ5νc(x)], (4)
where 1 =mR +mL and 5 =mR −mL . The C and P transformation 
rules for ν(x) are deﬁned by
νc(x) = C ν¯T (x), ν p(x) = iγ 0ν(t,−x), (5)
and thus ν(x) ↔ νc(x) under C and νc(x) → iγ 0νc(t, −x) under P; 
CP is given by
νcp(x) = iγ 0C ν¯T (t,−x). (6)
The above Lagrangian (4) is CP conserving, although C and P 
(iγ 0-parity) are separately broken by the last term.
In deﬁning Majorana fermions, the exact meaning of the charge 
conjugation operation C is crucial. In literature (see, e.g., Ref. [5]), 
one customarily deﬁnes the charge conjugation in the Lagrangian 
(2) by
(νL(x))
c = C ν¯TL (x), (nR(x))c = Cn¯TR(x). (7)
We must emphasize that the symbols (νL(x))c and (nR(x))c are not 
to be understood as “transformation laws” but rather as mnemon-
ics for the quantities on the right-hand side, since a unitary op-
erator to generate those transformations does not exist. This can 
be clearly seen by the following contradictions. If one assumes 
the action of the unitary charge conjugation operator, one has 
νL(x) = [(1 − γ5)/2]νL(x) and
(νL(x))
c = CνL(x)C† = [(1− γ5)/2]CνL(x)C†
= [(1− γ5)/2]C ν¯TL (x),which imply (νL(x))c = 0, and similarly for nR(x). Moreover, the 
well-known C- and P-violating weak interaction Lagrangian is writ-
ten as
LW = (g/
√
2)e¯Lγ
μW (−)μ (x))νL + h.c.
= (g/√2)e¯Lγ μW (−)μ (x))[(1− γ5)/2]νL + h.c. (8)
If one assumes again (7) as transformation laws, the ﬁrst expres-
sion implies that LW is invariant under C, while the second ex-
pression implies LW → 0. CP (or CPT) is the only reliable way to 
deﬁne a chiral antiparticle. More comments on this issue will be 
given later.
The transformation rules (5) for the Lagrangian (4) are operato-
rially well deﬁned, and they imply
νcL,R(x) =
(
1∓ γ5
2
)
νc(x) = CνTR,L(x), (9)
as well as
ν
p
L,R(x) = iγ 0νR,L(t,−x), (10)
namely, doublet representations of C and P for νL(x) and nR(x), 
which are not symmetries of (2) for mL 	= mR . The CP transfor-
mation
ν
cp
L,R(x) = iγ 0CνTL,R(t,−x) (11)
is an exact symmetry of the original Lagrangian (2). We thus 
adopt the Lagrangian (4) and the (unitary) C and P transforma-
tions (5) as the basis of our analysis, which deﬁnes a prototype 
of the Lagrangian of the see-saw mechanism [2–5] for mL 
 0, 
where the right-handed Majorana-type mass mR is added to the 
Dirac fermion with mass m. An analogy of the Lagrangian (4) with 
the Bardeen–Cooper–Schrieffer (BCS) theory was noted some time 
ago [10].
To solve (4), we apply an analogue of Bogoliubov transforma-
tion, (ν, νc) → (N, Nc), deﬁned as(
N(x)
Nc(x)
)
=
(
cos θ ν(x) − γ5 sin θ νc(x)
cos θ νc(x) + γ5 sin θ ν(x)
)
, (12)
with sin2θ = (5/2)/
√
m2 + (5/2)2. We can then show that the 
anticommutators are preserved, i.e.,
{N(t, x),Nc(t, y)} = {ν(t, x), νc(t, y)},
{Nα(t, x),Nβ(t, y)} = {Ncα(t, x),Ncβ(t, y)} = 0, (13)
and thus it satisﬁes the canonicity condition of the Bogoliubov 
transformation. A transformation analogous to (12) has been suc-
cessfully used in the analysis of neutron-antineutron oscillations 
[11].
After the Bogoliubov transformation, which diagonalizes the La-
grangian with 1 = 0, L in (4) becomes
L= 1
2
[
N(x) (i/∂ − M)N(x) + Nc(x) (i/∂ − M)Nc(x)]
− 1
4
[Nc(x)N(x) + N(x)Nc(x)], (14)
with the mass parameter
M ≡
√
m2 + (5/2)2. (15)
This implies that the Bogoliubov transformation maps the original 
theory to a theory characterized by the new large mass scale M
(5/2 corresponds to the energy gap). The Bogoliubov transforma-
tion maps a linear combination of a Dirac fermion and its charge 
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is mapped to a new orthogonal vacuum deﬁned by L in (14)
with 1 = 0 at t = 0 [10]. It is important that the Bogoliubov 
transformation (12) preserves the CP symmetry, although it does 
not preserve the transformation properties under iγ 0-parity and 
C separately. In the present single ﬂavor model, this leads to the 
Lagrangian (14) of the Bogoliubov quasi-fermion N(x) which is 
symmetric under the iγ 0-parity and C transformations.
The Lagrangian (14) is exactly diagonalized by
ψ+(x) = 1√
2
(N(x) + Nc(x)), ψ−(x) = 1√
2
(N(x) − Nc(x)), (16)
in the form
L= 1
2
{ψ+[i/∂ − M+]ψ+ + ψ−[i/∂ − M−]ψ−}, (17)
with the masses
M± = M ± 1/2, (18)
and mν = M− corresponds to the small neutrino mass. The charge 
conjugation and iγ 0-parity properties, which are required for the 
isolated massive Majorana fermions,
ψc±(x) = ±ψ±(x), ψ p±(x) = iγ 0ψ±(t,−x), (19)
are thus consistent with the transformation properties of N(x).
In the terminology of the familiar “mixing matrix”, (12) is re-
garded as a transformation between the “mass eigenstate” (N, Nc)
(the transformation from N to ψ± is symmetry-wise trivial) and 
the “ﬂavor eigenstate” (ν, νc); the mass eigenstate in Minkowski 
space is characterized by the full Lorentz symmetry including P 
and T, and thus C because of CPT, while the ﬂavor eigenstate is 
constrained by the original Lagrangian (4), which is not invariant 
under those operations. The original neutrino is expressed in terms 
of the Majorana fermions ψ± if one uses (12) as
ν(x) = [(cos θ + sin θγ5)/
√
2]ψ+(x)
+ [(cos θ − sin θγ5)/
√
2]ψ−(x),
νc(x) = [(cos θ − sin θγ5)/
√
2]ψ+(x)
− [(cos θ + sin θγ5)/
√
2]ψ−(x), (20)
but the unitary C operations on ψ± → ±ψ± in the expression of 
ν(x) do not reproduce νc(x) in (20), reﬂecting the C breaking in 
the original Lagrangian (4). The Bogoliubov transformation thus 
explains the natural appearance of Majorana fermions in the C-
breaking Lagrangian (4).
We here comment on the effects of CP breaking on see-saw 
mechanism. The most general Lagrangian is deﬁned by real m and 
5 and complex 1eiα (correspondingly 1e−iα in the second term 
with 1) in (4) after a suitable choice of the phase of ν . Then 
α 	= 0 implies CP breaking. The exact mass spectrum is given by 
M± =
(
[M ±
√
21 − ˜21/2]2 + (˜1/2)2
)1/2
with ˜1 = 1 sinα sin2θ
if one uses the Bogoliubov transformation (see Ref. [11]), and thus 
the parameter α which modiﬁes the neutrino mass is an observ-
able. CP violation in (2) and (4) is restricted to be very small, 
α ∼ mL/mR < 10−15, to have a successful see-saw mechanism in 
(33) below, in the present single ﬂavor model.
3. See-saw mechanism
It is customary to discuss the see-saw mechanism in perturba-
tion theory. One may re-write the Lagrangian (4) with m = 0 and 
1 = 5 =mR , which is diagonalized asL= (1/2)[ψ˜+(x)iγ μ∂μψ˜+(x) −mRψ˜+(x)ψ˜+(x)]
+ (1/2)[ψ˜−(x)iγ μ∂μψ˜−(x)], (21)
in terms of the ﬁelds deﬁned by(
ν(x)
νc(x)
)
=
( 1+γ5
2 ψ˜+(x) + 1−γ52 ψ˜−(x)
1−γ5
2 ψ˜+(x) − 1+γ52 ψ˜−(x)
)
. (22)
The CP symmetry of ψ˜± ,
ψ˜
cp
± (x) = (±iγ 0)ψ˜±(t,−x), (23)
is consistently translated to the CP symmetry of ν and νc in (22). 
Note that the Lagrangian (4) with m = 0 and 1 = 5 =mR is CP in-
variant but not C invariant. One may then perform a second-order 
perturbation analysis by treating the Dirac mass term m in (4) as 
a small perturbation. To be explicit,
LI = −m
2
[νν + νcνc] = m
2
[ψ˜+γ5ψ˜− − ψ˜−γ5ψ˜+]. (24)
One then obtains the second order perturbative result, symboli-
cally,
(m2/2!)ψ˜−γ5〈T ψ˜+ψ˜+〉γ5ψ˜− 
 (−i/2)(m2/mR)ψ˜−ψ˜−, (25)
using 〈T ψ˜+ψ˜+〉 = i/p−mR near on-shell /p = 0 of ψ˜− . This mass term 
is added to the massless fermion ψ˜− in (21). The massless fermion 
thus acquires a mass m2/mR and still satisﬁes the CP-conjugation 
property (23), being still a Majorana fermion. This mechanism to 
generate a small neutrino mass m2/mR is called see-saw mecha-
nism, and the essence of the see-saw mechanism is to deal with a 
ratio of two numbers [2–5].
One can conﬁrm that the iγ 0-parity transformation ψ˜ p±(x) =
iγ 0ψ˜±(t, −x) and charge conjugation ψ˜c±(x) = ±ψ˜±(x) of Majo-
rana fermions do not induce the corresponding parity and charge 
conjugation of ν and νc in (22), just as in (20). Also, one can con-
ﬁrm from (22) that
ψ˜+(x) = νR + C ν¯R T , ψ˜−(x) = νL − C ν¯L T , (26)
and thus the above failure of C is related to the inconsistency of 
νcL,R = C ν¯TL,R in (7) when regarded as transformation laws. Our 
message is that we identify ψ˜±(x) as Majorana fermions not be-
cause of the unjustiﬁed relation νcL,R = C ν¯TL,R but because of CP 
symmetry in (22) and (23), and the relation (22) shows the C vi-
olation in the original Lagrangian (4). In contrast, we have shown 
that the variables ψ±(x) = (N ± Nc)/
√
2 in (17) satisfy the well-
deﬁned charge conjugation property (19) using the charge conju-
gation property of the massive Bogoliubov quasi-fermion N in the 
new vacuum.
4. Naturalness
We have obtained the exact solution ν(x) of (4) in terms of 
the well-deﬁned massive Majorana fermions ψ±(x) as in (19). By 
tentatively setting 1 = 5 =mR (namely, mL = 0), we have
sin2θ = (mR/2)/
√
m2 + (mR/2)2, (27)
and the Bogoliubov quasi-fermion N(x) is deﬁned in the mass scale 
M = √m2 + (mR/2)2. The mass spectrum of ψ±(x) is given by 
M± = M ±mR/2 in (18), in particular,
M− = M −mR/2= m
2√
2 2
, (28)m + (mR/2) +mR/2
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√
m2 + (mR/2)2 +mR/2]
on the right-hand side is given by a difference of two gigantic 
masses. We thus encounter potential naturalness issues related 
with the neutrino mass, and we discuss below the possible im-
plications of (28).
The quadratic divergence in the Higgs masses, which is re-
lated to the see-saw mechanism, has been analyzed in the past 
(see, e.g., Ref. [5]). The fermion masses have no quadratic diver-
gences and thus appear to have no direct diﬃculty of that type. 
We however emphasize that the Higgs masses and the fermion 
masses are both related to the vacuum expectation values of Higgs 
ﬁelds. If the potential of Higgs ﬁelds should be modiﬁed by radia-
tive corrections, the fermion masses rewritten in terms of Higgs 
vacuum values deﬁned as a stationary point of the renormalized 
effective potential are inevitably modiﬁed as is indicated by the 
Coleman–Weinberg mechanism [12]. The ordinary argument of the 
multiplicative renormalization of fermion masses and their stabil-
ity under renormalization is valid in spontaneously broken gauge 
theory only when the renormalization of the Higgs potential is 
well-controlled.
Supersymmetry has been expected to resolve issues related to 
the quadratic divergence in the Higgs mass and also the general 
issues of hierarchy. In view of no obvious indication yet of su-
persymmetry at LHC, one may think of possible alternatives to 
supersymmetry. The remarkable success of the Standard Model 
may suggest that some forms of the scaling argument proposed, 
for example, in Ref. [13] are working. As a resolution of the is-
sue of quadratic divergences in such a scheme, one may argue for 
the generic nature of the dimensional regularization (i.e., a suitably 
formulated higher derivative regularization reproduces the main 
results of the dimensional regularization) [14], which is also re-
lated to the derivation of the Callan–Symanzik equation [15,16]
without encountering quadratic divergences [15]. The fact that the 
quadratic divergence is not important in a properly formulated 
Wilsonian renormalization group ﬂow has also been shown in 
Ref. [17], for example. Our view is that the quadratic divergence 
itself is not a major issue but the issue of hierarchy remains.
The esthetic aspect of the naturalness issue, which is our main 
interest, is related to a difference of two large numbers to deﬁne 
a small number. The common argument about the Higgs mass, 
when a naive cut-off is applied [7], is that we have symbolically 
(Planck mass)2 − (Planck mass)2 = (Higgs mass)2, or 1038 GeV2 −
1038 GeV2 = 104 GeV2. Here the ﬁne tuning ratio is ∼ 104/1038 =
10−34, although the subtraction of a large number by itself is 
consistent with the basic idea of renormalization. In our analysis, 
we assume dimensional regularization and thus the issue of the 
quadratic divergence in the Higgs mass itself does not arise.
In the case of the see-saw mechanism, (28) shows symbolically 
that “GUT” mass − “GUT” mass = neutrino mass. Here “GUT” mass 
stands for a generic mass much larger than the Standard Model 
mass scale; a natural choice (see Ref. [5]) appears to be for mR in 
the range 104 GeV to 1015 GeV with m in the range of electron 
mass to top quark mass, to generate the observed values of neu-
trino masses by ∼ m2/mR . We thus have 104 GeV − 104 GeV =
10−2 eV if one adopts mR = 10 TeV, and the ﬁne tuning ratio 
is ∼ 10−2/1013 = 10−15; if one adopts mR = 1015 GeV this ratio 
becomes ∼ 10−26. In the present paper, we assume that all the 
fermion masses in the starting Lagrangian are generated by the 
Higgs mechanism. We can then write the ratio in the form (adopt-
ing the speciﬁc value mR = 10 TeV in the following),
mν/mR =m2/m2R 
 v2/D2 < 10−15 (29)
by assuming the natural (approximately) universal Yukawa cou-
plings for the vacuum value v of the ordinary Higgs and the vac-
uum value D of an extra scalar, which generates mR . We assume the gauge invariant dimensional regularization, as already stated, 
which eliminates quadratic divergences and clearly separates the 
issue of quadratic divergence from the issue of hierarchy.1 The re-
lation (29) then leads to a hitherto unrecognized interesting ﬁne 
tuning as sketched below.
5. Fine tuning in the see-saw mechanism
In the analysis of the see-saw mechanism deﬁned by (4), the 
pure right-handed case, 1 − 5 = 2mL = 0, is often assumed [18]. 
The simplest possibility to realize such a case is to add a gauge 
singlet massive nR to the Standard Model, together with a Dirac 
mass term. The Majorana-type mass for nR is added by hand and 
thus our argument of ﬁne tuning is not relevant in this case.2 Such 
a choice may however be tantamount to an arbitrary adjustment 
of the neutrino mass to observed values. Besides, the Dirac-type 
neutrino in such a scheme without adding the right-handed mass 
term may enjoy more enhanced lepton number symmetry in the 
sense of the naturalness argument of ’t Hooft [19].
We thus discuss the schemes which generate the right-handed 
mass term in a non-trivial way. For deﬁniteness, we consider a 
concrete model with gauge group SU (2)L × SU (2)R × U (1) in the 
original proposal [2] and the case with the left-handed as well as 
right-handed neutrino masses as in (4). The model contains three 
Higgs multiplets with quantum numbers of the above gauge group 
speciﬁed by (see Ref. [2])
ϕL : (3,1,∓2), ϕR : (1,3;±2), ϕLR : (2,2;0), (30)
where the SU (2)R triplet ϕR generates mR and ϕLR contains the 
ordinary Higgs doublet, and fermion doublets,
lL =
(
ν(x)
e(x)
)
L
, lR =
(
n(x)
e(x)
)
R
. (31)
This model is closely related to the model in [4] with emphasis 
on different aspects, and also the generalizations of this model en-
compass many of the interesting models of see-saw mechanism [3,
5]. We also rewrite the mass formula mν = M− as
mν =
√
m2 + (5/2)2 − 1/2

mR(5 − 1)/(5 + 1) +m2/mR (32)
for 1  m and 5  m, but both being close to mR in (17). We 
thus have to satisfy
|(5 − 1)/(5 + 1)| <mν/mR ≤ 10−15, (33)
to make the see-saw mechanism work (by adopting mR = 10 TeV).
In this setting, using the Bogoliubov transformation, we identify 
the ﬁne tuning in the form of a very accurate parity violation
|(5 − 1)/(5 + 1)| =mL/mR < 10−15. (34)
In the picture of Bogoliubov quasi-fermions, the starting theory has 
the very large mass scale M as in (14) and the neutrino mass is 
given by the enormous cancellation of large masses. This suggests 
that the ﬁne tuning is a relevant issue. Correspondingly, in the con-
crete model [2], one may choose the vacuum values of Higgs ﬁelds 
1 We thank Luis Álvarez-Gaumé for a clarifying discussion on the importance 
of separating the issue of hierarchy from the issue of quadratic divergence. The 
quadratic divergence is removed by the dimensional regularization but the issue 
of hierarchy remains.
2 If m is of the order of top quark mass and thus mR is very large, we have a ﬁne 
tuning of the order m2R −m2R = v2 by analyzing the self-energy of the Higgs boson 
arising from a fermion-loop.
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 0 (i.e., 〈ϕL〉 = 〈S〉 
 0 in eq. (10) in [2]) 
is satisﬁed. At each order of perturbation theory, one needs to im-
pose or ﬁne-tune the condition of small mL (namely, 〈ϕL〉 
 0) 
even if the potential and thus vacuum values of Higgs ﬁelds re-
ceive sizable corrections. This is illustrated below by ﬁrst analyzing 
the related Type II see-saw model.
We recall the Type II see-saw model [5,20] where one ana-
lyzes the coupling of an SU (2)L triplet scalar boson  with a 
large mass M to the left-handed neutrino through a Yukawa cou-
pling YνTL CνL , and a triple scalar coupling λMH
2 to the 
Standard Model Higgs H . The tadpole-type diagram (i.e., one of 
the ends of -propagator landing on the neutrino line, with the 
Higgs vacuum value attached to the other end of the propagator) 
or a direct analysis of the tree level full potential [20] then leads 
to the left-handed neutrino mass mL = λYv2/M , where v is 
the vacuum value of H . This neutrino mass term may be com-
pared with Weinberg’s dimension ﬁve operator [21] if one chooses 
M around the GUT mass scale such as ∼ 1015 GeV. The ﬁne 
tuning in this model appears if one considers a one-loop tad-
pole correction (with the heavy -ﬁeld drawing a loop) to the 
quartic coupling λ32H2 → λ3M2 ln(M/v)H2 using the dimen-
sional regularization [14]. To maintain the Standard Model Higgs 
mechanism with the ordinary vacuum value v so that the neu-
trino mass mL is kept small, one needs to satisfy |λ3M2| < v2, 
namely, |λ3| < v2/M2 = 10−26, which is also disposed of by a ﬁne 
tuning of the induced term minus a ﬁnite local counter term in 
the Higgs mass term m2H H
2, expressed by the symbolic notation 
M2 −M2 = v2, without making |λ3| very small. Note that this ex-
tra ﬁne tuning is not required if one does not attempt to generate 
a small mL by introducing a large M .
One can write the triple scalar coupling in the above Type II 
model as λDHH 
 λ(mR/Y)HH , which is conﬁrmed to be 
natural in the context of the model in [2] if one identiﬁes D = 〈ϕR〉
and  = ϕL and H with the ﬁrst column of ϕLR in (30). We then 
have the left-handed neutrino mass mL 
 λmRv2/M2 and thus 
λv2/M2 
mL/mR < 10−15 as in (34) for the successful (conven-
tional) see-saw mechanism in [2]. When |λ| is not very small, 
M2 becomes very large and we need a ﬁne tuning in the symbolic 
notation M2 − M2 = v2 in the Higgs mass term by analyzing a 
one-loop tadpole with heavy ϕL drawing a loop in the quartic cou-
pling λ3Trϕ
†
LϕLTrϕ
†
LRϕLR → λ3M2 ln(M2/v2)Trϕ†LRϕLR , as in the 
case of the above Type II model. This ﬁne tuning keeps the tree 
level v2 unchanged so that the tiny mL is kept small without be-
ing disturbed by the one-loop correction.
The tree level condition |λ4| < v2/D2 < 10−15 with D =
〈ϕR〉 needs to be satisﬁed as suggested by (29) for the quar-
tic scalar coupling λ4Trϕ
†
RϕRTrϕ
†
LRϕLR of an SU (2)R triplet ϕR , 
if one wants to maintain the conventional Higgs mechanism. 
Instead of making |λ4| very small, this condition is replaced 
by a tuning of the tree-level Higgs mass term m2LRTrϕ
†
LRϕLR to 
absorb D2 in a symbolic notation D2 − D2 = v2. At the one-
loop level, the tadpole with heavy ϕR drawing a loop induces 
λ4Trϕ
†
RϕRTrϕ
†
LRϕLR → λ4M2ϕR ln(D2/v2)Trϕ†LRϕLR using the di-
mensional regularization [14]. Thus the ﬁne tuning in the symbolic 
notation D2 − D2 = v2 in the Higgs mass term is required at the 
one-loop level also, by noting MϕR ∼ D in the model [2]. This 
ﬁne-tuning keeps v2 unchanged after the one-loop correction and 
thus keeps the neutrino masses mν and mL small. Note again that 
this extra ﬁne tuning is not required if one does not attempt to 
make mR large by introducing large D = 〈ϕR〉 to generate a small 
mν .
The present analysis implies that some form of extra ﬁne tun-
ing (or extra sizable ﬁnite renormalization) is inevitable to explain 
the tiny neutrino mass using very heavy particles in a natural set-ting (namely, if one starts with the assumption that none of the 
dimensionless coupling constants are very small); the degree of 
ﬁne tuning is given by mν/mR in (29). We mainly discussed the 
original model in [2], but our analysis, which is related to an anal-
ysis of hierarchy problem where a heavy particle makes a light 
particle heavy through quantum corrections, is applicable to the 
related model in [4] and also to other interesting models of see-
saw mechanism [3–5] which are regarded as generalizations of the 
model we analyzed. The generalization of the present analysis to 
the case of three generations of leptons contains some technical 
complications, but the basic observation remains valid, namely, the 
Bogoliubov transformation maps the model to another model char-
acterized by a large mass scale and the ratio mν/mR provides a 
degree of ﬁne tuning in the Bosonic sector.
6. Discussion and conclusion
The Bogoliubov transformation nicely explains the appearance 
of Majorana fermions in the theory with strong C violation in the 
single ﬂavor model and it suggests a hitherto unrecognized ﬁne 
tuning of the order mν/mR = m2/m2R . In our analysis it is crucial 
to recognize that the stability argument of the fermion sector and 
Higgs sector under quantum corrections is inseparably connected 
as is indicated by the Coleman–Weinberg mechanism [12]. Nat-
uralness is an esthetic notion and thus subjective, but we believe 
that our analysis provides useful information when one appreciates 
the simple version of the see-saw mechanism as perceived by the 
majority of physicists. As for the practical aspects of the see-saw 
mechanism, one may consider many reﬁnements such as the “very 
low-energy” see-saw scheme with mR < 1 keV [22], for example, 
which may have interesting physical implications. Those reﬁne-
ments of the see-saw mechanism and their applications are be-
yond the scope of the present paper. If SUSY should be discovered 
below the energy scale of GUT, our ﬁne tuning argument, which is 
related to the hierarchy issue, is substantially modiﬁed [23].
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